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Abstract 
This thesis concerns on dynamical systems whose behavior can be described as a deterministic in time thus based on 
initial conditions it is possible to predict how the system will behave. The main goal of the work is to analyze 
deterministic chaos with special attention to usability of this phenomenon in mechanical systems in everyday life, 
moreover the work indicate the typical symptoms, circumstances that germinate and support  their occurrence. The 
project is an attempt to correctly identify and describe definitions of: deterministic chaos, chaos quantifiers, 
attractors, fractals and of course chaos in conservative systems. Experimental part of my work represents the basic 
chaotic event that can be noticed in daily life 
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1. Deterministic chaos 
Deterministic chaos is a concept which may define the answers to still uncovered greatest life's mysteries. One of 
the basics foundations of mentioned chaos theory is Edward Lorenz discovery which was made in early 60s and it is 
known as a Butterfly effect. Thereof effect explains conduct of complex dynamic nonlinear systems and indicates the 
relation between those systems and boundary conditions. However the Butterfly effect excludes long-term 
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predictions. In the beginning, this theory was used only in descriptions of meteorology’s phenomenon but next few 
years have shown that it can also define the other chaotic systems what brought disorder and confusion in science 
disciplines which were based on  the predictability of future behavior of the systems. Apropos the chaos there have 
been made first investigations of Hamiltonian systems. This expression is used for systems where there is no energy 
dissipation so they are conservative. In reality, all contemporary known systems use the energy but if considered 
time period will be relatively small the dissipation of the system can be omitted [1]. 
1.1. Chaos theory 
Chaos theory is a part of mathematical and physical sciences concerned on systems where the dynamics depends 
on initial conditions thus they are unpredictable. Under certain conditions, only if the most sensitive initial 
conditions have been satisfied those systems show phenomenon, which is known as a chaos. Due to this sensitivity 
the conduct of systems appear to be random although model is deterministic what means that it is well defined and it 
does not contain any random parameters [2]. 
2. Fractals 
Fractal is a geometric object without any recursion. Their structure can be defined as an irregular and 
fragmentary geometrical moreover it can be divided into smaller pieces which represent the same form as a model. 
One of the most popular and well-known fractals is Mandelbrot and Julia sets Fractals may be grouped according to 
their properties, character, geometry, complexity and randomness. Field of mathematical science concerned with 
fractals is called fractal geometry [3]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Obr.1 Standard example of fractal in nature is a broccoli. 
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2.1. Mandelbrot set 
Mandelbrot set is one of most famous fractal. It is defined as a set of c numbers, fzfo nn Zlim , where sequent of z0, z1 ,z2,..... is determined by the recurrent principle 
 z0 = 0,   
.21 czz nn                                                                                                                                                      (1) 
Point c belongs to the Mandelbrot set if and only if the limits haven’t been determined of if the limit is final It is 
easy to demonstrate that the set is approaching infinity for all 2²c , unless any number in the set exceed the 
absolute value then c is not a component of Mandelbrot set [4].  
 
 
 
 
 
 
 
 
 
 
 
Obr.2 Mandelbrot set 
 
 
2.2. Julia set 
 
Set of all the points of the complex plane, it is generated by using the same term as before, in Mandelbrot set.  
.21 czz nn                      (2) 
Where c is any complex, abnormal number  
Set limits form the fractals. Julia set can be generated very easily. Select the complex number, c that will define the 
set, for all of the points of the complex plane find and minimalize the constant maximum divergence.  If it is not 
diverging then it belongs to the set. If 2²c , point is beyond of the limits of the set. If after several of iterations, the 
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result does not exceed 2 it a component of Julia set. The number of iteration depends on the properties of the set 
details. Situation when the absolute value, obtained in specified number of iterations, exceeds 2 causes the color 
assigned to indicated point and it is possible to achieve different gradients [5].  
 
 
 
 
Obr.3 Julia set 
 
3. Fractal dimension 
Fractal dimensions have been used to define the chaos and geometric trajectories of the structures. One of the issues 
in geometric figure is that the dimensions and shape needs to be considered.    
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 .ln
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                               (3) 
                                                                                                                                        
3.1. Lyapunov exponents 
Mathematical sciences effectuate the definition of Lyapunov exponents or Lyapunov characteristic exponent as a 
quantity that characterizes the rate of separation of infinitesimally close trajectories. Two trajectories in phase space 
with initial separation 0ZG  diverge at rate given by 
  0ZetZ t GG O|  ,          (4) 
where  λ is Lyapunov exponent. 
Lyapunov exponent and also entropy allow to distinguish if the system is deterministic or stochastic furthermore 
they can be used to separate the chaotic behavior from the random noise and evaluate the chaos in the system [2]. 
The most effective way to identify the system is to calculate the Lyapunov exponent. For Lyapunov exponent iO is 
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where 0ZG a  WG kZ  is a distance between those trajectories in a phase space at initial time equals t = 0 in time 
period equals t = Wk .  
If it turns out that the Lyapunov exponent is negative 0¢iO , it means that all attractors of the system are points thus 
they do have zero dimension.  And vice versa 0²iO , if all trajectories in phase space are constantly moving away 
from each other in all direction, dimensions is convergent to the dimensions in phase space [6].  
4. Attractors 
The aim of the dynamic system analysis is not to find the exact solution but rather to identify the condition 
of the system, and define the state of equilibrium when the attractors may be observed. Concept of attractions is a 
one of elementary terms used in chaos theory.There are several types of the attractor i.e. point where system 
stabilizes and obtains the state of equilibrium that can be computed (damped pendulum) or a close curve or even a 
fractal. Strange attractor is a particular type of attractor and it is typical of chaotic trajectories (e.g. Lorenz attractor) 
[7]. 
4.1. Lorenz attractor 
In 1963 during the scientific research on thermal convection model used for describing the flow of viscous fluids 
and heat distribution as a driving force of thermal convection Edward N. Lorenz discovered very special dynamic 
system. 3D shape of Lorenz discovery resembles 2 braided spirals. Lorenz attractor id described by system of 
differential equations: 
 xy
dt
dx  V , 
,yRxxz
dt
dy                                                                   (6)              
zxy
dt
dy E .           
Where: 
 σ – Is a Prandtl number,  
 R – Is proportional to Reyleigh number   
E - Is geometric factor  
System of differential equations, with a solution which may be identified with trajectories in phase space, is ideal 
model of hydrodynamic system with coordinate axis:  
X - is proportional to intensity of convective motion, 
Y- is proportional to the temperature difference between convection and declining flows, 
Z- is proportional to the deviation of vertical temperature profile. [8].   
As has been mentioned, initial conditions have a great influence on the Lorenz attractors. For example, for given 
parameters values: σ = 10, R = 28, Β = 8/3 Lorenz system exhibits chaotic behavior.  
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Obr.4 Lorenz attractor for R = 28. 
 
The illustrations below demonstrate the phase models:   σ = 10,  R = 24, Β = 8/3 
 
Obr.5 Lorenz attractor for R = 24. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Obr.6 Lorenz attractor in logarithmic coordinates for R = 24. 
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Obr.7 Lorenz atractor for R = 15. 
 
 
Obr.8 Lorenz attractor for R = 14. 
 
 
Obr.9 Lorenz attractor for R = 13. 
 
It has been scientifically proven that if the parameter value does not exceed R = 24,74  system converges to a point. 
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4.2. Rössler`s attractor 
Rössler attractor discovered in 1976 by Otto E. Rössler. Rössler attractor is extremely simple system, 
which can be easily displayed in the form of geometric chaos in a time sequence. It is described by the following 
differential equations: 
 
),(
.
zyx   
 
,
.
yxy D                       (8)      
                                                                                                     
.
.
zxzz PD      
         
The system of equations shows with suitable choice of input parameters a, b, c non-deterministic chaotic solution. 
This system has considerable sensitivity to initial conditions. Constants a, b, c can be suitably chosen (used a = 0,2, 
b = 0,2, c = 8) [9]. 
 
 
Obr.8 Rösslerov atraktor. 
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1. Conclusion 
Dynamic law allow predicting the course of the physical process and creating the mathematical model of actual 
systems, but i tis possible only if the initial conditions have been described property and with high precision. Since 
the computer is able to compute systems of equations with many variables, it has been used as a tool to generate the 
deterministic simulations of natural processes. Purely approach can be also used in processes observed in micro 
world and even in ordinary everyday examinations. Investigations on nonlinear systems have show that systems 
with nonlinear properties contain some deviation. The process is deterministic when the time intervals are very 
small and the deviation from equilibrium is insignificant. These systems can be easily observed in natural 
phenomena.       
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